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Instance Label
learning

Multi-instance 
Leaning

（Many-to-one）

Multi-label 
Leaning

（One-to-many）

Multi-instance Multi-
label Learning
（Many-to-many）

Ambiguity in Machine Learning
Not 1-to-1 mapping

Label Ambiguity



Label Ambiguity

Label AmbiguityLess Ambiguity More Ambiguity

Single-label 
learning

Multi-label 
learning ?

??

Label distribution 
learning (LDL)

Label distribution：covers all 
possible labels and explicitly 
gives the importance of each 
label to the instance



Definition of Label Distribution

A real number         is assigned to the label      for the instance 

WLOG

Complete label set

Description Degree

Label Distribution

[Geng, TKDE’16]



Example 1：Emotion distribution
emotion score

happy（HAP） 1.48
sad（SAD） 2.48
surprise（SUR） 2.19
angry（ANG） 4.48
disgust（DIS） 3.42
fear（FER） 2.16



Example 2：Movie rating distribution

More real-world label distribution data sets：
http://palm.seu.edu.cn/xgeng/LDL/index.htm



Universality of Label Distribution 
• The relevance or irrelevance of a label to an 
instance is essentially relative.
• The separation between the relevant and irrelevant labels is 

relative.



Universality of Label Distribution 
• The relevance or irrelevance of a label to an 
instance is essentially relative.
• When multiple labels are relevant to the same instance, their 

importance is not likely to be exactly same 



Universality of Label Distribution 
• The relevance or irrelevance of a label to an 
instance is essentially relative.
• The “irrelevance” of each irrelevant label may be very different.



Universality of Label Distribution 
• Traditional class label

• But
1. The borderline between 1 and 0 is often vague
2. 1 and 1 are often different
3. 0 and 0 are often different 

0: Irrelevant label
1: Relevant label

• Logical labels simplify the real world

• Label distribution is closer to the ground-truth!

Logical Labels



The Power of Label Space

Instance Space Logical Label Space

feature extraction

feature selection

m anifold em bedding

dim ensionality reduction ……

0: Irrelevant label

1: Relevant label

Many Analytic Tools
？

Limited Expressiveness
Limited Analytic Tools



The Power of Label Space

Logical Label Space Continuous Label Space
(Label Distribution)

？



The Power of Label Space
Label distribution space offers more possibilities for …

Label Ambiguity Label Importance Label Uncertainty

Label CorrelationNosy Label
Prior Knowledge 

Embedding



Applications with the Power of Label Space

Age Estimation 
[Gao, et al., IJCAI’18]; [Hou, et 

al., AAAI’18]; [He, et al., TIP’17]; 
[Geng, Yin, and Zhou, TPAMI’13]

Head Pose Estimation 
[Geng and Xia, CVPR’14]

Video Parsing
[Geng and Ling, AAAI’17]

Expression Recognition
[Zhou, Xue and Geng, ACMMM’15]

Text Emotion Estimation
[Zhou, et al., EMNLP’16]

Prediction of Crowd Opinion 
on Movies

[Geng and Hou, IJCAI’15]

Multilabel Ranking
[Geng and Luo, CVPR’14]

Indoor Crowd Counting
[Ling and Geng, TIP’19]

Facial Landmark Detection
[Su and Geng, AAAI’19]

Beauty Sense
[Ren and Geng, IJCAI’17]



Practical Restrictions
• Directly obtaining description degrees of all labels is difficult: 

• High cost
• Difficult to quantify

• Most existing data sets simplify the real world: a bipartition 
of the label set into relevant and irrelevant labels
• 1：relevant label
• 0：irrelevant label

We need a way to recover the
label distributions from the 

logical labels in the training set

Label Enhancement (LE)

{0, 1, 0, 1, 0}

Logical Labels



Label Distribution & Label Enhancement

Label 
Enhancement

Data with Label 
Distributions

{0, 1, 0, 1, 0}

Data with 
Logical Labels

Label Distribution 
Learning
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Problem Formulation

The logical label vector of 𝒙௜ is denoted by 𝑳௜ ൌ 𝑙𝒙೔
௬భ, 𝑙𝒙೔

௬మ, … , 𝑙𝒙೔
௬೎

஋
, where 

𝑙𝒙೔

௬ೕ ∈ 0,1 represents whether 𝑦௝ describes 𝒙௜, 𝑐 is the number of labels. 
Then, 𝑳௜ ∈ 0,1 ௖.

The label distribution of 𝒙௜ is denoted by 𝑫௜ ൌ 𝑑𝒙೔
௬భ, 𝑑𝒙೔

௬మ, … , 𝑑𝒙೔
௬೎

஋
, where 

𝑑𝒙೔

௬ೕ ∈ 0,1 represents the description degree of 𝑦௝ to 𝒙௜. Then, 𝑫௜ ∈
0,1 ௖.

Label Enhancement can be defined as follows.

Given a training set 𝑆 ൌ 𝒙௜, 𝑳௜ |1 ൑ 𝑖 ൑ 𝑛 , label enhancement is to  
recover the label distribution 𝑫௜ of 𝒙௜ from the logical label vector 𝑳௜, 
and thus transform 𝑆 into an LDL training set 𝐸 ൌ 𝒙௜, 𝑫௜ |1 ൑ 𝑖 ൑ 𝑛 .

[Xu and Geng, IJCAI’18]



What Added?

{0, 1, 0, 1, 0} ?+ =
Correlation among 

labels 
(y space)

Topological 
relationship among  

feature vectors
(x space)
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Label Enhancement Algorithms

• Fuzzy Label Enhancement
• LE based on fuzzy clustering (FCM)

[Gayar et al., ANNPR'06]

• LE based on kernel method (KM)
[Jiang et al., NCA’06]

• Graph-based Label Enhancement
• LE based on label propagation (LP)

[Li et al., ICDM’15]

• LE based on manifold learning (ML) 
[Hou et al., AAAI’16]

• Graph Laplacian Label Enhancement (GLLE)
[Xu and Geng, IJCAI’18]



LE based on fuzzy clustering (FCM)
[Gayar et al., ANNPR'06]

Fuzzy C‐means clustering
(The membership of the 
instance to the cluster)

The memberships of the 
instances belonging to the same 
class are added up to form the 
cluster-class connection matrix.

By fuzzy composition operation, 
the memberships of instances to 
clusters are transformed into the 
memberships of instances to class 
labels using the connection matrix.



LE based on fuzzy clustering (FCM)
• Step 1： Fuzzy C-Means clustering （FCM）

1. Given the cluster number p，initialize the 𝑛 ൈ 𝑝 cluster 
membership matrixM （𝑚௜௞ denotes the membership of 𝒙௜ to the 
k-th cluster）

2. Calculate the cluster prototype

𝝁௞ ൌ
∑ ሺ𝑚௜௞ሻఉ𝒙௜

௡
௜ୀଵ

∑ ሺ𝑚௜௞ሻఉ௡
௜ୀଵ

3. Update the cluster membership matrix M

𝑚௜௞ ൌ
1

∑ 𝐷𝑖𝑠𝑡ሺ𝒙௜, 𝝁௞ሻ
𝐷𝑖𝑠𝑡ሺ𝒙௜, 𝝁௝ሻ

ଶ
ఉିଵ௣

௝ୀଵ

4. Repeat 2 and 3 until convergence 

[Gayar et al., ANNPR'06]

Each row of M, 𝒎௜, represents the membership 
of the instance 𝒙௜ to each cluster



LE based on fuzzy clustering (FCM)

• Step 2：Calculate the cluster-class connection matrix
1. Initialize 𝑐 ൈ 𝑝 zero matrix  𝑨
2. Update each row 𝑨௝ with

𝑨௝ ൌ 𝑨௝ ൅ 𝒎௜ ,  𝑖𝑓 𝑙𝒙೔

௬ೕ ൌ 1
3. Normalized each column of 𝑨
4. Normalized each row of 𝑨

• Step 3：Calculate the label distribution of 𝒙௜
1. 𝑫௜ ൌ 𝑨 ∘ 𝒎௜ ( fuzzy composition)

𝐷௜
௝ ൌ max

௞
ሺ𝑎௝௞ൈ 𝑚௜௞ሻ

2. Normalize 𝑫௜

𝑎௝௞ denotes the connection 
between class j and cluster k

[Gayar et al., ANNPR'06]



LE based on kernel method (KM)
[Jiang et al., NCA’06]

Introduce nonlinearity via kernel method



LE based on kernel method (KM)
• Step 1： For each label 𝑦௝，suppose 𝐶௬ೕ contains all the instances 

labeled by 𝑦௝, the size of 𝐶௬ೕ is 𝑛௝, then, the center of 𝐶௬ೕ is 

𝜳௬ೕ ൌ ଵ
௡ೕ

∑ 𝜙ሺ𝒙௜ሻ𝒙೔∈஼೤ೕ

where 𝜙ሺ𝒙௜ሻ is a nonlinear function determined by the kernel function 
𝐾 𝒙௜, 𝒙௝ ൌ 𝜙ሺ𝒙௜ሻ · 𝜙ሺ𝒙௝ሻ

• Step 2： Calculate the class radius 

𝑟௝ ൌ max
𝒙೔∈஼೤ೕ

𝜳௬ೕ െ 𝜙 𝒙௜ ，

• Step 3： Calculate the distance between instance 𝒙௜ and class center 
𝑑௜௝

ଶ ൌ 𝜙 𝒙௜ െ 𝜳௬ೕ ଶ

𝑑௜௝
ଶ can be calculated via inner 

product of 𝜙ሺ𝒙௜ሻ

[Jiang et al., NCA’06]

𝑟௝
ଶ can be calculated via inner 

product of 𝜙ሺ𝒙௜ሻ

ሺ𝜳௬ೕሻଶcan be calculated via 
inner product of 𝜙ሺ𝒙௜ሻ



LE based on kernel method (KM)

• Step 4：calculate the membership of instance 𝒙௜ to label 𝑦௝

𝑚𝒙೔

௬ೕ ൌ
1 െ

ௗ೔ೕ
మ

௥ೕ
మାఋ

  𝑖𝑓 𝑙𝒙೔

௬ೕ ൌ 1

0                            𝑖𝑓 𝑙𝒙೔

௬ೕ ൌ 0

• Step 5：Normalize 𝒎𝒙೔ ൌ 𝑚𝒙೔
௬భ, 𝑚𝒙೔

௬మ, … , 𝑚𝒙೔
௬೎

[Jiang et al., NCA’06]

Cannot change the membership 
of irrelevant labels



LE based on label propagation (LP)

Label Propagation in training set

x1

x2

x3

(1, 0, 0)

(0, 0, 1)

0.2

0.5

0.1

(0.5/0.6, 0, 0)

(0, 0, 0.1/0.6)
+

(0.5/0.6, 0, 0.1/0.6)

[Li, Zhang and Geng, ICDM’15]



Propagation 
Matrix

Label 
Propagation

Converge to Label 
Distribution

[Li, Zhang and Geng, ICDM’15]
LE based on label propagation (LP)



• Feature space：continuous Euclidean space
• Label space：discrete logical space

[Hou, Geng and Zhang, AAAI’16]

The manifold structure is transferred from the 
feature space to the label space.

Smoothness 
assumption

LE based on manifold learning (ML)



LE based on manifold learning (ML)

• Manifold learning in feature space [Roweis & Saul, Science, 2000]

• Manifold learning  
in label space

arg min
W

s.t.

If       is not the neighbor of      , then 0j
i W

arg min
μ

s.t. Control the sign 
and scale

Local 
topological 
structure

1, if the -th label is relevant
1, if the -th label is irrelevant

l
i

l
y

l
    

     

[Hou, Geng and Zhang, AAAI’16]



Graph Laplacian Label Enhancement（GLLE）

• Model

𝑫௜ ൌ 𝑾⊺𝜑 𝒙௜ ൅ 𝒃 ൌ 𝑾෢𝝓௜

Determining the best parameter 𝑾෢∗

• Target function

min
𝑾෢

𝐿 𝑾෢ ൅ 𝜆Ωሺ𝑾෢ሻ

Logical label loss

Feature space constraint

Nonlinear transformation

Goal

[Xu and Geng, IJCAI’18]



Graph Laplacian Label Enhancement（GLLE）

• The first part of the target function

𝐿 𝑾෢ ൌ ෍ 𝑾෢𝝓௜ െ 𝑳௜
ଶ

௡

௜ୀଵ
• The second part of the target function

Ω 𝑾෢ ൌ ෍ 𝑎௜௝ 𝑫௜ െ 𝑫௝
ଶ

௜,௝
ൌ 𝒕𝒓ሺ𝑫𝑮𝑫⊺ሻ

𝑮 ൌ 𝑨෡ െ 𝑨, 𝑎ො௜௝ ൌ ∑ 𝑎௜௝
௡
௝ୀଵ

Smoothness 
assumption

Graph Laplacian

Least squares（LS）

Correlation between 
𝒙௜ and 𝒙௝

[Xu and Geng, IJCAI’18]
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Datasets



Artificial dataset
• The label distribution 𝑫 ൌ 𝑑𝒙

௬భ, 𝑑𝒙
௬మ, 𝑑𝒙

௬య of 𝒙 ൌ 𝑥ଵ, 𝑥ଶ, 𝑥ଷ

is generated in the following way
𝑡௜ ൌ 𝑎𝑥௜ ൅ 𝑏𝑥௜

ଶ ൅ 𝑐𝑥௜
ଷ ൅ 𝑑, 𝑖 ൌ 1, … , 3,  

𝜓ଵ ൌ ሺ𝝎ଵ
்𝒕ሻଶ,    𝜓ଶ ൌ ሺ𝝎ଶ

்𝒕 ൅ 𝜆ଵ𝜓ଵሻଶ,   𝜓ଷ ൌ ሺ𝝎ଷ
்𝒕 ൅ 𝜆ଶ𝜓ଶሻଶ,

𝑑𝒙
௬೔ ൌ ట೔

టభାటమାటయ
, 𝑖 ൌ 1, … , 3,

where 𝑎 ൌ 1，𝑏 ൌ 0.5，𝑐 ൌ 0.2，𝑑 ൌ 1，𝝎ଵ
் ൌ 4,2,1 ，𝝎ଶ

் ൌ
1,2,4 ，𝝎ଷ

் ൌ 1,4,2 ，𝜆ଵ ൌ 𝜆ଶ ൌ 0.01。

• Sampling
The first two components of 𝒙, 𝑥ଵ、𝑥ଶ are sampled from a grid of the 
interval 0.04 within the range ሾെ1,1ሿଶ, and there are in total 51×51 = 
2601 instances. The third component 𝑥ଷ is generated by

𝑥ଷ ൌ sinሺሺ𝑥ଵ ൅ 𝑥ଶሻ ൈ 𝜋ሻ



Datasets
• Label distribution binarization

1. Initialize the relevant label set 𝒴ା ൌ ∅，the irrelevant label 
set 𝒴ି ൌ 𝒴，𝑳 ൌ 𝟎；

2. Select 𝑦௝ ∈ 𝒴ି with the highest description degree, then 𝒴ା ൌ

𝒴ା ൅ 𝑦௝，𝒴ି ൌ 𝒴ି െ 𝑦௝, 𝑙𝒙
௬ೕ ൌ 1；

3. 𝑡 ൌ ∑ 𝑑𝒙
௬ೕ

௬ೕ∈𝒴శ ，if  𝑡 ൏ 𝑇 , go back to step 2, else end.

𝑇 ൌ 0.5



Recovery Performance

Label 
Enhancement

Label distributions

{0, 1, 0, 1, 0}

Logical labels

Binarization 

Ground-truth

Label distributions

Recovered

LDL evaluation 
measure



Recovery Performance



Recovery Performance



Recovery Performance



LDL Predictive Performance

LE
{0, 1, 0, 1, 0}

Logical 
labels

Binarization 

Label distributions

Ground-truth

Label 
distributions

Recovered

SA-BFGS

SA-BFGS

Label 
distributions

Predicted

Label distributions

Predicted

LDL
evaluation 
measure



LDL Predictive Performance



LDL Predictive Performance
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Conclusion
• Label distribution learning

• is more general a framework than single-label and 
multi-label learning

• deals with different importance of labels
• is generally suitable for many practical problems
• lack of label distribution annotation limits the application 

of LDL
• Label enhancement

• recovers label distributions from logical labels
• leverages the topological information of the feature 

space and/or the correlation among the labels
• is the precondition for the universality of LDL



Interested in LDL & LE？
All the papers、codes and datasets are available at:
http://palm.seu.edu.cn/xgeng/LDL/index.htm
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